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Abstract
Many political science theories posit empirical relationships that are conditioned by some moderating
variable, which scholars model using a multiplicative interaction term in a regression. In recent years,
scholars have begun using such terms in dynamic regression models with time series data. However, the
lack of guidance on adding multiplicative interactions to these workhorse models exposes problems with
the consistency of the estimator, model restrictions, and interpretation. This paper provides theoretical
and practical guidance to address these problems. First, we define the conditions under which scholars
can ensure consistent estimates when estimating relationships conditioned by a moderating variable in
dynamic models. Second, we introduce a general model that makes no theoretical assumptions about pre-
cisely how conditional relationships unfold over time.Third, we develop a flexible approach for interpreting
such models. We demonstrate the advantages of this framework with simulation evidence and an empirical
application.

Keywords: Conditionality;Interactions;Time series models

Scholars are increasingly interested in relationships that suggest the effect of an independent vari-
able, x, on a dependent variable, y, is conditioned on a moderating variable, z (Brambor et al., 2006;
Hainmueller et al., 2019). With an abundance of datasets to test such theories, many scholars are
turning to dynamic models—which allow the effect of a covariate on the response to change over
time—because they yield estimates of long-run effects. For example, Nooruddin and Simmons (2006)
find that International Monetary Fund programs reduce social spending most sharply in democra-
cies, while Kono (2008) considers the effect of democratization on trade liberalization, conditional
on the wealth of the trading partners. Similar applications have contributed to a variety of literatures
across the discipline.1

1Other examples include Swank (2006); Chang (2008); Hobolt and Klemmensen (2008); Jennings and John (2009); Kayser
(2009); Blaydes andKayser (2011); Lipsmeyer andZhu (2011); Sorens (2011); Arnold andCarnes (2012); Escribà-Folch (2012);
Aklin and Urpelainen (2013); Kono and Montinola (2013, 2015); Morgan and Kelly (2013); Ramirez (2013); Andersen and
Ross (2014); Enns et al. (2014); Jensen and Mortensen (2014); Tenorio (2014); Witko (2014); Alexiadou (2015); Carlin et al.
(2015); Cheon and Urpelainen (2015); Kellam and Stein (2015); Keller and Kelly (2015); Kono et al. (2015); Miller (2015);
Werner and Coleman (2015); Wright (2015); Adams et al. (2016); Sexton (2016); Caughey and Warshaw (2018); Copelovitch
et al. (2018); Cronert (2018); Smidt (2018); Valdini and Lewis-Beck (2018); Bernardi and Adams (2019); Dorsch and Maarek
(2019);Meyer and Biegert (2019); Pardos-Prado and Sagarzazu (2019);Martin andVanberg (2020). See also dynsim, a package
for R and Stata that provides a user-friendly resource for studying dynamic models with interactions (Gandrud et al., 2016).

© The Author(s), 2026. Published by Cambridge University Press on behalf of EPS Academic Ltd. This is an Open Access article, distributed
under the terms of the Creative Commons Attribution licence (http://creativecommons.org/licenses/by/4.0), which permits unrestricted
re-use, distribution and reproduction, provided the original article is properly cited.
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2 Warner et al.

These models are often intuitive representations of complex systems of variables. Yet even for
workhorse specifications such as autoregressive distributed lag and error correction models (ADLs
andECMs, respectively),2 there is little guidance onhowbest tomodel thesemultiplicative interaction
terms. As a result, scholars’ findings are vulnerable to three problems:

(1) Estimation. A large literature describes how scholars can ensure that ADLs are appropri-
ate for their data through extensive “pretesting,” particularly by examining stationarity and
cointegration (e.g., Philips, 2018). However, it is unclear what tests an interaction term must
satisfy, so scholarsmay not be able to guarantee that ordinary least-squares (OLS)will produce
consistent estimates.

(2) Specification. Typically, each variable of interest in an ADL suffers from some amount of auto-
correlation: its present value is a function of its past values. Choosing which lagged values to
include in the model generates different statements about how the researcher believes covari-
ates affect the response over time (Box-Steffensmeier et al., 2014). However, it is unclear what
lags of an interaction represent, since either component variable may be lagged, or both. This
complication may lead to specifications that imply dynamic effects that differ from what the
author intends.

(3) Interpretation.ADLs include lags and differences that together allow scholars to interpret their
estimates. However, interactions complicate the computation of these quantities, including
both short- and long-run effects. Scholars may be unaware of how to derive quantities of
interest for their models, potentially leading to incorrect inferences.

This paper aims to help scholars avoid these problems, providing theoretical and practical guidance
for studying relationships conditioned by a moderating variable in dynamic models.3 We begin by
defining the conditions under which OLS produces consistent estimates: even if two covariates are
stationary, their interaction may not be, and so must be explicitly tested for stationarity. Under these
conditions, scholars can therefore ensure that OLS is an appropriate estimator simply by extending
standard diagnostic procedures.

We then suggest how to specify and interpret a general model with an interaction. We argue that,
absent extremely strong a priori beliefs about the data-generating process (DGP), scholars should
proceed from a specification that allows covariates to interact freely across time. We introduce such
a model that includes all possible cross-period interactions; two variables, each with p lags, generates
(p + 1)2 interaction terms that capture a single conditional relationship. We use Monte Carlo simu-
lations to examine the tradeoffs of this approach: namely whether the risk of overfitting that comes
along estimating a general model with (p + 1)2 interaction terms4 is outweighed by the potential for
bias that arises from invalid restrictions. We find that the flexible approach introduced here produces
more reliable inferences: while there is some evidence of overfitting, this risk is relatively minimal
compared to the potential bias in estimates resulting from an invalid restriction on themodel. Finally,
we illustrate how these findings contribute to more robust inferences with an empirical application
from Cavari (2019).

2The ECM is a linear reparameterization of the ADL (Davidson and MacKinnon, 1993; De Boef and Keele, 2008), so our
results hold for both modeling strategies. To keep things simple, we focus our exposition on the ADL case in the main text.
All of the advice applies equivalently to an ECM (advice we outline specifically in the Supplemental Materials).

3We use “conditional relationship” and “interaction” interchangeably throughout the rest of the paper to refer to a
multiplicative interaction between independent variables.

4Adding parameters may drag the estimated error correction rate (ECR) downward, and can lead to overfitting when time
series are short (Enns, Masaki, and Kelly, 2014; Keele et al., 2016).
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1. Ensuring consistent estimates
There aremanyways ofmodeling dynamic dependence among variables. Due to space constraints, we
only studymultiplicative interactions in ADLs, since they are themost common conditional relation-
ships in the most common time series models in political science (Box-Steffensmeier et al., 2014).5
Furthermore, we assume throughout that scholars have carefully investigated whether an interaction
is theoretically justified.

The ADL can be written in its general form as

yt = 𝛼0 +
p

∑
f=1

𝛼f yt−f +
q

∑
g=0

𝛽gxt−g + 𝜖t. (1)

This specification is ADL(p,q), with p lags of yt and q lags of xt (and additional covariates as needed).
The standard approach to modeling these relationships is based on Hendry (1995) and the general-
to-specific modeling strategy, with the inclusion of a general number of p and q lags that are pared
down with the goal of ensuring that 𝜖t is “white noise,” with 𝔼(𝜖t ,xg,t−h) = 0 ∀ t, g , h (see Linn and
Webb, 2020; Vande Kamp and Jordan, 2025).

A precondition to using the general-to-specific modeling framework is equation balance: the
covariates on the right-hand side of the model are collectively of the same order of integration as
the outcome variable (and that this model can be expressed such that the outcome variable is itself
stationary). Equation balance can be achieved if all variables are differenced until stationary; such an
approach is typically used when applying the ADLmodel.6 To ensure that theirmodelsmeet this con-
dition, scholars should adopt the two-step balance test procedure proposed by Pickup and Kellstedt
(2023)—interrogate the theory to examine whether equation balance is theoretically plausible, and
then test the balance properties of the model prior to estimation.

Scholars are hopefully accustomed to testing for such properties in their existing ADL models,
but no process or advice extends this testing to models with multiplicative interaction terms. While it
seems intuitive that the “memory” of an interaction of two variables would directly follow the prop-
erties of the variables themselves, this relationship does not always hold, and the standard practice of
diagnosing the time-series properties of all lower-order terms cannot guarantee consistent OLS esti-
mates. For the first time, we provide theoretical results establishingwhenOLS estimates are consistent
for a model with an interaction and how to test for those conditions.7 We begin with the most basic
case, in which all variables, including covariate x and a moderating variable z (the standard notation
in the literature of independent variables that are interactive) are stationary. By definition, this case
requires that interaction terms are also themselves stationary. Proposition 1.1 specifies where this
holds.

Proposition 1.1. Assume x and z are covariance-stationary autoregressive stochastic series. A series
xz composed of their multiplicative interaction is itself stationary if and only if ℂ[x1+a

t , z1+b
t ] = f (a, b)

and ℂ[xtxct+ℓ, ztzdt+ℓ] = f (c, d) where t, ℓ ∈ ℤ≥0, and a, b, c, d ∈ {0, 1}.
5This scope condition rules out a number of alternative approaches. Most notably, many scholars have made use of models

that directly estimate time-varying relationships, such as in a Kalman filter or Dynamic Conditional Correlations (DCC)
framework (Beck, 1989; Lebo and Box-Steffensmeier, 2008). While such approaches are suitable for many applications, they
are somewhat rare in political science, and so we leave discussion of their relative merits for studying conditional relationships
to future research. For a monograph-length treatment of time-varying approaches, see Petris et al. (2009).

6Another approach to equation balance is cointegration, or that a linear combination of two ormore variables with the same
order of integration produces a variable with a lower order of integration. In the simplest case, if y and x are individually first-
order integrated (I(1)) but also collectively cointegrated such that some linear combination of y and x produces a stationary
(I(0)) series, the ADL model with y and x is balanced (equal orders of integration on each side), and “I(0) balanced” (Pickup
and Kellstedt, 2023, p. 296), as the ADL model can be transformed to an ECM where both the regressor and regressands are
I(0).While we do not focus on equation balance through cointegration in this paper, we discuss the possibility of cointegration
and multiplicative interactions in the conclusion.

7Proofs are provided in the Supplemental Materials.
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4 Warner et al.

Some of the conditions implied by Proposition 1.1 are easy to understand.The covariance between
the two constitutive terms (ℂ[xt, zt]) cannot be a function of time; neither can the covariance of their
squares (ℂ[x2

t , z2
t ]) nor the covariance of a constitutive term and the square of the other constitutive

term (ℂ[xt, z2
t ], ℂ[x2

t , zt]). Other terms are more difficult to interpret, such as ℂ[xtxt+ℓ, ztzt+ℓ], but
also must not be a function of time. The overarching conclusion, however, is that the product of two
stationary series is not necessarily stationary itself due to the possibility of their covariation changing
over time. Furthermore, this result indicates that a balanced equation may become unbalanced when
an interaction is added to it.

Practically, Proposition 1.1 suggests that scholars always need to explicitly test interaction terms
for stationarity. This result can be made more intuitive by considering a special case in which
stationarity is guaranteed to hold: when the two variables are stochastically independent.

Corollary 1.2. Assume x and z are covariance-stationary autoregressive stochastic series. If x and z are
stochastically independent, a series xz composed of their multiplicative interaction is itself covariance-
stationary.

Stochastic independence is a difficult assumption for two observed time series. But scholars are
increasingly interested in performing experimentswith time series data (Bojinov and Shephard, 2019;
Bojinov et al., 2021). Were a scholar to perform a time series experiment and then check to see if
the treatment effect is conditioned by an observed moderator, the product of the treatment and the
moderator would be stationary if the moderator itself were stationary. Generally, scholars should
pretest interaction terms directly to be sure that they are stationary (and that they do not upset
equation balance).

An example helps illustrate how this problem might arise in practice. Suppose two variables are
known to be stationary, but their correlation is a function of time, as in a Dynamic Conditional
Correlations (DCC) framework. Such relationships are common, for instance, with variables such
as economic growth and presidential approval (Lebo and Box-Steffensmeier, 2008). Although each
variable would pass stationarity tests individually, their interaction may be nonstationary, and OLS
estimates for a model that includes this interaction may be inconsistent. This scenario is a straight-
forward example of the spurious regression problem, a well-understood and widely documented
phenomenon (Yule, 1926; Grant and Lebo, 2016). On one hand, the result in Proposition 1.1 adds
to the already-substantial burden on researchers to pretest their data. On the other hand, however,
pretesting each variable for stationarity is standard practice in time seriesmodeling.There are a num-
ber of tests that have been developed and implemented across statistical software for this purpose
(see Box-Steffensmeier et al., 2014, for a recent review).8 These same tests can be used for interaction
terms.

Proposition 1.1 establishes that ADLs are appropriate models of relationships conditioned by a
moderating variable in dynamic systems, so long as scholars extend the standard diagnostic proce-
dures to include interaction terms.9 These results speak only to consistency, not the other desirable
properties, of OLS estimates. In addition, it gives no advice on the structure of an underlying
interactive model: we suggest such a general model in the next section.

2. Specifying relationships conditioned by a moderating variable
Despite a large literature on the properties of ADLs, scarce attention is paid to specifying relationships
of interest, other than the general-to-specific advice alluded to previously. This lacuna is unfortunate,
as even small variations among relatively simple models can imply very different dynamics. Virtually

8Grant and Lebo (2016) demonstrate the utility of fractional integration (FI)methods for data thatmay be neither stationary
nor integrated. We leave the question of interactions in FI models for future research.

9Proposition 2 in the Supplemental Materials establishes the same for ECMs.
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Political Science Research and Methods 5

no advice exists for specifying conditional relationships, potentially leading to incorrect or incom-
plete models and interpretations. We fill this gap by suggesting a general interactive model, inspired
by the tradition of the general-to-specificmodeling strategy, and introducing key quantities of interest
for its interpretation.

2.1. The general interactive model
Following the spirit of the general-to-specific model, a general starting point is a model that allows
a covariate interaction to unfold freely across time. A general ADL model will allow the data to
determine the structure of effect moderation; that is to say, the data should be allowed to determine
whether multiplicative interactions include cross-lags. An ADL(p,q) model of the most general form
with a multiplicative interaction is:

yt = 𝛼0 +
p

∑
f=1

𝛼f yt−f +
q

∑
g=0

𝛽gxt−g +
q

∑
h=0

𝜃hzt−h +
q

∑
g=0

q

∑
h=0

𝜁g,hxt−gzt−h + 𝜖t. (2)

In political science, most long-term dynamic processes can be captured by first-order dynamics.
As such, we focus our attention on an ADL(1,1) model that includes a general specification for a
multiplicative interaction:

yt = 𝛼0 + 𝛼1yt−1 + 𝛽0xt + 𝛽1xt−1 + 𝛽2zt + 𝛽3zt−1+
𝛽4xtzt + 𝛽5xt−1zt + 𝛽6xtzt−1 + 𝛽7xt−1zt−1 + 𝜖t. (3)

Because thisADL(1,1)model features one lag of the independent andmoderating variables, it features
the multiplicative interaction xtzt and its lag xt−1zt−1. To ensure there are no restrictions on this
moderated relationship, however, a general model will also include xt−1zt and xtzt−1. Specifying a
conditional relationship, therefore, requires 2 × 2 interaction terms in addition to the lower-order
variables. More generally, a multiplicative interaction in a general ADL(p,q) model generates (q+1)2
new parameters, which allows the covariates to interact across any points in time.10 These terms all
appear in calculating quantities of interest; eliding any implies a restriction on the dynamic system.

This specification is a reasonable starting point for most applications. For one, the cost of invalid
parameter restrictions is enormous: biased estimates and incorrect inferences (De Boef and Keele,
2008). Erroneously constraining any of the 𝛽 or terms in the general model to zero breaks the link
between different periods of the same variable. Failing to account for the “memory” of each process
in this way induces bias not only for the covariate directly constrained, but also among any interacted
variables and lower-order terms. For instance, setting 𝛽4 = 0 when it is non-zero in the true DGP
biases estimates of all xz terms, and through the conditional relationship, all x and z terms (that is,
it biases all 𝛽 terms in Equation 3). The logic of this starting point also mirrors the common advice
to include all of an interaction’s constitutive terms in modeling applications (e.g., Brambor et al.,
2006; Clark and Golder, 2023). The Monte Carlo exercise below underscores the magnitude of these
problems: in some cases, invalid restrictions can produce essentially random estimates.

This general model is also attractive because it privileges information in the data over broad the-
oretical intuition. Even the most precise theories are generally silent on exactly when covariates
interact, so a conservative approach is to allow for all possibilities. Moreover, where theory does
provide such strong guidance on the timing of the interaction, these hypotheses can be empirically
tested by estimating the general model. Rather than impose restrictions based on a priori beliefs,
this approach allows scholars to treat parameter estimates as evidence of how the dynamic system
behaves.

10This result generalizes to cases where their lags differ, for which an interaction generates (q + 1)(r + 1) terms. It is likely
that a general model of the same order of the autoregression is sufficient to capture the dynamic effects. Practitioners could
also start with an even more general model of some arbitrary lag order and pare down: this runs the risk of exploding the
number of parameters to be estimated.
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6 Warner et al.

A final advantage of this model is that it allows scholars to parse different components of a single
conditional relationship. The interaction xz can vary because of a shift in x alone, z alone, or both. By
estimating all cross-period interactions, scholars can study the effect of each change on the dependent
variable separately. All of these features contribute to a richer set of inferences.

2.2. Interpreting the general interactive model
Quantities from such a general model might seem challenging to calculate or interpret. In the fol-
lowing, we demonstrate this is not the case, providing formulae on how to calculate typical quantities
of interest like short-run effects and long-run multipliers (LRMs). We additionally give examples of
these calculations through our replication example.

Scholars studying dynamic models are usually interested in change in the response y as a function
of change in (or “shock” to) a variable x. The typical quantities of interest are period-specific effects
and cumulative effects.11 Period-specific effects are defined as the change in y at any time as a result
of a shock to x at time t. In other words, they answer: “what will happen to the response at some
future date if a covariate shock occurs today?” For any period t + j, where t and j are integers, this
quantity can be calculated by specifying the model for yt+j and differentiating with respect to xt .
From Equation 3, note that

yt = 𝛼0 + 𝛼1yt−1 + … ,
yt+1 = 𝛼0 + 𝛼1yt + … ,

⋮
yt+j−1 = 𝛼0 + 𝛼1yt+j−2 + … ,
yt+j = 𝛼0 + 𝛼1yt+j−1 + … ,

so that each expression can be substituted for the next period’s lagged y.12 Thus, we can start in period
t+j and recursively substitute previous periods of y until the right side of Equation 3 appears. Scholars
typically restrict attention to the case where j = 0, which De Boef and Keele (2008) refer to as the
“short-run effect”: a particular period-specific effect for the first period j = 0 only.13 Differentiating
with respect to xt therefore yields the expression for the short-run (or instantaneous) effect:

𝜕yt
𝜕xt

= 𝛽0 + 𝛽4zt + 𝛽6zt−1 (4)

The second quantity of interest, often the motivation for studying such models, is cumulative
effects. These effects, which provide information about relationships over time, can be calculated
by summing period-specific effects. There is one special case of a cumulative effect that receives the
majority of scholarly attention: the total change in y resulting from a change in x. This quantity is
known as the long-run effect (LRE) or long-run multiplier (LRM):14 the total change in y after an
infinite number of periods

∞

∑
j=0

𝜕yt+j

𝜕xt
=

𝛽0 + 𝛽1 + 𝛽4zt + 𝛽5zt+1 + 𝛽6zt−1 + 𝛽7zt
1 − 𝛼1

. (5)

This derivation demonstrates that the LRM is more precisely the total cumulative effect, since it max-
imizes the window over which change in y is summed. Scholars can use these quantities of interest to

11We present results for a system in which all variables are AR(1), each quantity easily extends to AR(p) processes, as shown
in the Supplemental Materials.

12This approach also demonstrates that our results extend to a (Koyck, 1954) specification, as interaction terms may be
“hidden” in differenced values of y on the right-hand side in a Koyck model.

13We explore period-specific effects for j > 0 in the Supplemental Materials.
14There is a slight difference between these expressions. The long-run multiplier is the quantity (1 − 𝛼)−1 that multiplies

the short-term effect(s) of an independent variable over the long run. We derive this quantity in the Supplemental Materials.
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fully interpret the general interactive model we propose.15 It is also readily apparent why the calcula-
tion of these quantities of interest differ in the general interactive model versus a model without the
fully specified cross-period interactions. If we only included the contemporaneous interaction xtzt ,
Equation 4 would omit 𝛽6zt−1 (or, more generally, any 𝛽j that contains a term in which x appears con-
temporaneously), and Equation 5 would potentially omit all of 𝛽5zt+1, 𝛽6zt−1, and 𝛽7zt . Our Monte
Carlo simulations show that such omissions clearly alter the effect estimates. Calculation of standard
errors for these effects can be done using standard methods. The short-run effect is a linear combi-
nation of coefficients and, as such, standard errors can be calculated exactly. The long-run effect is a
nonlinear combinations and, as such, standard errors must be approximated using either parametric
bootstrapping or the delta method.We rely on the formermethod, while noting that scholars can feel
free to use the latter if they so choose.

The general model proposed here is consistent with a widely accepted, general-to-specific mod-
eling framework. It is agnostic about the dynamic nature of the underlying interaction, allowing a
conditional theory to be tested without strong parameter assumptions. And it is straightforward to
interpret. Yet as Grant and Lebo (2016) note, increasing the number of covariates exacerbates bias for
the parameter relating to the lagged response (𝛼1, or the error correction rate [ECR], which deter-
mines the persistence and decay of effects of independent variables in dynamic models that contain
lagged dependent variables). Since the ECR is present in all calculations of dynamic effects, adding
interactions may threaten inferences about long-term relationships among variables. Furthermore,
there is much less information in time series data than sample sizes suggest, making it likely that
scholars who add extra covariates are simply modeling noise (or “overfitting”) (Keele et al., 2016).
ECR bias and overfitting are important problems that scholars need to grapple with as they study
dynamic models, and there is no clear consensus on how to avoid them, other than to keep models
simple. We take up these concerns in the context of our proposed interactive model in the simulation
analysis below.

3. Simulation evidence
The general model might have attractive features in the abstract, but its performance remains to
be seen. We assess this performance using Monte Carlo simulations to answer four questions: (1)
whether the fully interactivemodel better estimates the parameters of interest, (2) whether this comes
at the cost of overfitting, (3) whether “typical” time series have the statistical size to adequately esti-
mate such a model, and (4) whether these general costs are outweighed by the benefits of estimating
a general model. If the benefits of fitting a general model are outweighed by these problems, then
scholars may wish to study less complex models with implicit parameter restrictions instead. We first
simulate data from four DGPs—one with no exogenous predictors, one with two predictors x and
z but no interaction, one with a contemporaneous-period only (“restricted”) interaction between xt
and zt , and one with the general (“fully interactive”) model from Equation 3 in the previous section.
Through this section, each DGP is identified by a short label:

yt = 𝜌yyt−1 + 𝜂y,t, (LDV)

yt = 𝛼0 + 𝛼1yt−1 + 𝛽0xt + 𝛽1xt−1 + 𝛽2zt + 𝛽3zt−1 + 𝜖t, (No interaction)

yt = 𝛼0 + 𝛼1yt−1 + 𝛽0xt + 𝛽1xt−1 + 𝛽2zt + 𝛽3zt−1 + 𝛽4xtzt + 𝜖t, (Restricted)

15In the Supplemental Materials, we explore period-specific and cumulative effects for all j, not just the usual instantaneous
and long-run effects. We also provide formulae for calculating a third quantity of interest: threshold effects. We also extend all
calculations to the ECM framework.
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8 Warner et al.

yt = 𝛼0 + 𝛼1yt−1 + 𝛽0xt + 𝛽1xt−1 + 𝛽2zt + 𝛽3zt−1+
𝛽4xtzt + 𝛽5xt−1zt + 𝛽6xtzt−1 + 𝛽7xt−1zt−1 + 𝜖t, (Full interaction)

where xt = 𝜌xxt−1 + 𝜂x,t and zt = 𝜌zzt−1 + 𝜂z,t . We hold the 𝛼 and 𝛽 terms fixed across all
simulations. For each of the DGPs, we examine 34 = 81 cases, varying the time series length
n ∈ {50, 100, 500} and the autoregressive parameters 𝜌x, 𝜌z, 𝜌y ∈ {0.1, 0.5, 0.9}. For each of the
324 (4 × 81) experimental conditions, we create 500 datasets, with each variable’s starting value
and all errors (𝜖, 𝜂x, 𝜂z, 𝜂y) drawn from𝒩(0, 1). We then estimate three models (the no interaction,
restricted, and fully interactive [general] models) and store the results.

Turning first to the question of ECR bias, Figure 1 presents clear evidence that the general model
does not produce worse estimates of 𝛼1 than does a simpler model. The top panel plots estimates
from the model without any interaction terms (in triangles), the restricted model with just xtzt esti-
mated (squares), and the general model (circles), for each of the four DGPs. Each point represents the
median estimate across 500 replicates under the same experimental condition, with dashed lines for
the true values (each 𝜌y in the LDV DGP, and 𝛼1 = 0.5 for the others). Even when fit to a DGP with
no conditional relationships, the general model provides estimates at least as close to the true value
as those of a simpler model (the far-left column); the general model dominates the DGP includes
a complex conditional relationship (the far-right column). This performance is reflected in Table 1,
which presents median absolute ECR bias (| ̂𝛼1 − 𝛼1| calculated for each replicate), averaged across
all conditions under each DGP. Overall, the general model produces the lowest absolute bias.

The bottom panel of Figure 1 plots coverage probabilities for estimates of 𝛼1—the proportion
of the 500 replicates under each condition for which the 95% confidence interval (constructed via
parametric bootstrap) for ̂𝛼1 contains the true value.16 Again, the evidence suggests that the general
model recovers better estimates of the ECR, with higher coverage probabilities across the board than
those of simpler specifications. Across all conditions, the mean coverage rate for the general model
is 93%, very close to the 95% rate predicted by theory and much better than the 79% and 81% rates
for the no interaction and restricted models, respectively. Even when we ignore the full interaction
DGP—the most favorable case for the general model—the coverage rate (93%) remains as accurate
as that of the restricted model (93%) and higher than the no interaction model (87%). On question
(1): these data suggest that across a broad range of experimental conditions, the fully interactive
model better estimates the ECR parameters of interest, both by lowering the bias when the DGP
is conditional as well as not exacerbating ECR bias when the DGP is not conditional.

We turnnow to overfitting:whether the introduction of a surplus of parameters to estimate induces
the model to account for random noise or error rather than the underlying relationship (Keele et al.,
2016, p. 32). Here, the risk is that the general model uses related parameters (like the cross-period
interactions) to fully model the interaction. If this problem were severe, we should see (1) worse out-
of-sample predictive power for the general model, relative to more parsimonious specifications, and
(2) higher Monte Carlo variance (i.e., unstable coefficient estimates) across replicates under the same
experimental condition.

Figure 2 plots the median root mean squared error (RMSE) for out-of-sample predictions gener-
ated through 5-fold cross-validation (a common method for measuring the typical deviation of an
estimate from a parameter’s true value).17 All models perform better with longer time series, con-
sistent with existing scholarly evidence, with RMSEs 10-25% smaller under T = 500 compared to
T = 50. With short time series and no interaction in the DGP, the general model produces RMSEs
about 5-15% larger than those of simpler specifications. However, where there is an interactive pro-
cess in the DGP, simpler specifications produce RMSEs approximately 25-75% larger than those of
the general model—and this effect does not diminish as sample size increases. Most importantly, the

16The same plots for all other estimated parameters are presented in the Supplemental Materials.
17To ease computational constraints, we take a random 20% sample from each set of replicates.
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Figure 1. Monte Carlo simulation results for the error correction rate, 𝛼1. Triangles represent estimates from the model
without an interaction, squares are from a restricted model, and circles are from the general model. Median estimates are
plotted against the true values (dashed lines) in the top panel. The bottompanel plots themean proportion of 500 replicates
under each condition for which 95% confidence intervals contain the true value.
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10 Warner et al.

Table 1. Average absolute bias, 𝛼̂1

DGP

Estimated model LDV No interaction Restricted Full

No interaction model 0.28 0.05 0.09 0.13

Restricted model 0.28 0.05 0.04 0.15

General model 0.28 0.05 0.04 0.04

restricted model (squares) does not obtain markedly better predictive power than the general model
(circles), even when applied to a restricted interaction DGP.

To compare the stability of estimates acrossmodels, Table 2 reports the variance for each set of 500
replicates, averaged across all experimental conditions. The general model has the smallest variance
for all parameters except the coefficient on xtzt , ̂𝛽4.This result is consistent with slight overfitting, but
with a difference of 0.01, appears to be only aminor concern: the average 95% quantiles of ̂𝛽4 for each
set of replicates has a width of 0.45 for the general model, compared to 0.31 for the simple interaction
model. On question (2): the RMSE and variance evidence suggest that overfitting is a relatively minor
concern for the general model.

We turn next to the question of size. The general, fully interactive model is quite complex and
encourages the estimation of a considerable number of parameters. The evidence above assumes a
minimum time series length of T = 50: are shorter time series up to the task? To answer, we addi-
tionally simulate the sameDGPs, but withT = 15. Figure 3 combines the same evidence fromFigures
1 and 2. In the top panel are the ECR estimates for T = 15. We observe that, as expected, all models
perform uniformly worse under such data constraints. The fully interactive model, though, suffers
no unique problems: when the DGP is only the LDV, or not interactive, or the “restricted” interac-
tion, the general model performs as well as other models. If the DGP is fully interactive, the fully
interactive model performs best (far-right column), even given the number of parameters it needs to
estimate.

The same is true for ECR coverage. There is noticeably more spread when any model is applied to
the LDVdata-generating process. Beyond that, the coverage rates aremarginally worse than observed
in Figure 2, especially when any model is applied to the fully interactive DGP. Even here, though, the
general model is the best performer, achieving coverage rates of 85-90%, even with only 15 observa-
tions. As expected, however, the issue of overfitting is exacerbated: RMSEs for the fully interactive
model are considerably worse than the noninteractive or restricted model. In instances of short time
series, scholars might prepare to use the general-to-specific modeling strategy to pare down model
parameters. But, overall, on question (3): even in a world of very short (T = 15) time series, the
general model provides equally good estimates of parameters of interest, compared to other model
specifications, though the general model contains more overall error.18

Last is the question of tradeoffs: what are the potential costs of estimating a restricted model?
Figures 1 and 2 demonstrate that invalid restrictions on an interactive process (including ignoring it
altogether) generate substantial ECR bias, poor coverage rates, and poor predictions. To highlight just
one result, inferences about the conditional relationship suffer drastically from invalid restrictions:
Figure 4 plots estimates for the coefficient on xtzt (the only coefficient estimated by both the restricted
and full models) for the restricted and full models (on the left and right, respectively) when the DGP
is fully interactive. Each dot represents the median across all 500 replicates within an experimental
condition, with lines for 95% quantiles. Clearly, mis-specification produces severe bias. Not only are
the individual replicates unstable, but so too are their medians, and many 95% quantiles completely

18We provide an additional assessment of power in the Supplemental Materials.
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Figure 2. Monte Carlo simulation results for RMSE from 5-fold cross-validation. Triangles represent RMSE from the model
without an interaction, squares are from a restricted model, and circles are from the general model. The top panel is for a
time series of length T = 50, the middle is T = 100, and the bottom is T = 500. Each point represents the median RMSE
from a 20% random sample of each set of 500 replications under each experimental condition.
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Table 2. Mean Monte Carlo variance across all simulations

Mean Monte Carlo variance

Estimated model 𝛼̂0 𝛼̂1
̂𝛽0

̂𝛽1
̂𝛽2

̂𝛽3
̂𝛽4

No interaction model 0.04 0.01 0.07 0.05 0.04 0.03 –

Restricted model 0.03 0.01 0.02 0.04 0.02 0.02 0.01

Full model 0.02 0.01 0.02 0.02 0.02 0.02 0.02

miss the true value. On question (4): even if there are tradeoffs, the ability to uncover true parameter
values mitigates any costs of estimating a general model.

Taken together, these results indicate that the cost of estimating a general model is slight—in con-
trast to the problems that arise from invalid restrictions. These results should give scholars pause, as
political scientists almost always study restricted interactive models without comparing them against
a more general specification.19 Our findings indicate that this current standard operating procedure
likely produces seriously biased estimates and unreliable inferences: problems easily corrected by a
general interactive model.

4. Application: important issues, salience, and presidential approval
To demonstrate how the modeling and inferential framework developed above can improve our
understanding of important dynamic relationships, we execute an empirical replication. Cavari
(2019) investigates a central problem in public opinion: whether the salience of a political issue affects
the relationship between perceptions of the success of an incumbent’s policy and overall approval
of that incumbent. A number of studies demonstrate that the U.S. president’s approval ratings can
be predicted by perceptions of the president’s handling of important issues, like the economy and
foreign policy (e.g., Cohen, 2002). A few studies have further qualified this finding, showing that
when media coverage of an issue is high, presidential approval more greatly depends on percep-
tions of the president’s handling of that political issue relative to other political issues (Edwards et al.,
1995, for instance). Cavari intertwines these observations to create a conditional theory of presiden-
tial approval: presidents need not be good at all things to maintain their approval, but rather need
only to maintain job performance in the issue areas most salient to the public at any point in time.

Cavari tests his theory on a quarterly dataset from1981-2016, covering theReagan-Obama admin-
istrations. The dependent variable is the percentage of Americans who approve of the way the
president is handling his job: classic presidential approval. The key independent variables are “job
performance”—approval ratings for the president’s handling of the economy and foreign policy (as
separate issue areas)—as well as the salience of those two issue areas to the American public (the
percentage of Americans that say that either the economy or foreign policy is the most important
political issue). Theoretically, these should interact: job performance in the economy (foreign pol-
icy) should matter most when Americans care most about the economy (foreign policy). Cavari also
includes controls for macropartisanship, unemployment rate, divided government, and whether it
was an election year or the first quarter in a presidential term. Cavari’s preferredmodel is a first-order
partial adjustment model:

Approvalt = 𝛼0 + 𝛼1Approvalt−1 + 𝛽1Economic approvalt + 𝛽2Economic saliencet +
𝛽3Foreign policy approvalt + 𝛽4Foreign policy saliencet
𝛽5Foreign policy approvalt * Foreign policy saliencet+
𝛽6Economic approvalt * Economic saliencet +
+ Controlst + 𝜀t

19The only exceptions of which we are aware are Copelovitch et al. (2018); Cronert (2018); Meyer and Biegert (2019).
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Figure 3. Monte Carlo simulation results for the error correction rate, 𝛼1, and RMSE from 5-fold cross-validation for short
(T = 15) time series. Triangles represent estimates from the model without an interaction, squares are from a restricted
model, and circles are from the general model. Median estimates are plotted against the true values (dashed lines) in the
top panel. The middle panel plots the proportion of 500 replicates under each condition for which 95% confidence intervals
contain the true value. The bottom panel plots the median RMSE from a 20% random sample of each set of 500 replications
under each experimental condition.
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Figure 4. The consequences of invalid restrictions. Monte Carlo simulation results for 𝛽4 when the DGP includes a complex
conditional relationship. Points represent median estimates from 500 replicates of each experimental condition, with lines
for 95% quantiles.

where Approval is presidential approval, Economic approval is approval of the president’s handling of
the economy, Economic salience is the percentage of Americans who think the economy is the most
pressing political issue (Gallup’s “Most Important Problem” question), and 𝜀 is a white noise error
term. Similar descriptions can be given to Foreign policy approval and Foreign policy salience, but
instead focusing on foreign policy. In our view, this model starts with the imposition of potentially
invalid restrictions.We do not know a priori if the conditional effects operate in the same period or in
different periods (i.e., if performance is important in the same quarter as when the public determines
an issue is salient, or if presidents are given a “thermostatic” quarter to acknowledge the public’s
priorities and respond to them). The contemporaneous lag structure assumes that both matter in the
same period only and that there are no lagged effects.

Of course, our issue is not with Cavari: the author has an interesting, dynamic theory of condi-
tional effects, but is given no clear advice on how to go about modeling them. To echo the above
sections, our advice is philosophically consistent with the standard general-to-specific ADL model-
ing approach: start with a general (interactive) model and, given the results, potentially pare down.
To demonstrate the utility of our proposed approach, we begin by testing the stationarity of the con-
stituent interactive terms.20 We find that both salience measures are not stationary. Accordingly, we
difference the series and estimate a first-order ADL model that includes lags of all independent vari-
ables, including the interactions, as well as the cross-lags (the general model).21 Given the number
of parameters estimated, we provide model estimates in the Supplemental Materials and focus on
graphic interpretations of effects in the main text.

Figure 5 displays the effect of job performance on presidential approval. The top row displays the
instantaneous and total effects of economic approval on overall presidential approval; the bottom
row for foreign policy approval. The top-left pane shows that, in the short-run, there is a positive, sta-
tistically significant relationship between economic approval and overall presidential approval. That
effect is conditioned on the salience of the economy: when the salience of the economy jumps in

20Cavari omits these tests.
21This approach restricts our attention to the relationship between changes (differences) in the salience of an issue area and

presidential approval, rather than a long-run relationship between these concepts in levels.
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Figure 5. Dynamic relationship between presidential performance and approval, conditional on salience of the underlying
issue. Lines represent predicted instantaneous effects (left) and total effects (right) on presidential approval, holding change
in salience its mean value, while varying changes in salience across its observed range. Economic performance is in the top
row; foreign policy performance is in the bottom row. Estimates are median estimates from quantiles of 5,000 samples from
𝒩MVN ( ̂𝜃, ℂ( ̂𝜃)); 95% confidence intervals are shaded in gray.

the minds of the public, the relationship between economic approval and overall approval strength-
ens in magnitude such that presidents can increase their overall approval by about a point when they
increase their economic approval by the same amount, as long as salience of the economy is high.The
top-right pane shows that the total (long-run) effect of economic approval on presidential approval is
almost identical to the instantaneous effect, indicating that there is largely no dynamics in the effect
of economic approval on presidential approval.

The bottom row of Figure 5 displays the instantaneous and total effects of foreign policy approval
on overall presidential approval.The bottom-left pane shows that, in the short-run, there is a positive,
statistically significant relationship between foreign approval and overall presidential approval. That
effect is independent of the salience of the issue; regardless of changes to foreign policy approval,
the effect is roughly equal to 0.4. In a curious matter, the total effect of foreign policy approval is
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still positive but appears to be negatively conditioned by the salience of foreign policy: as salience
increases, approval of the president’s foreign policy appears to have a smaller effect over the long-
term. This perhaps suggests a “losing battle” for presidents: as foreign policy becomes more salient,
it becomes more challenging to derive any performance-related benefits to overall approval, even if
presidents are popular in the specific foreign policy domain.

The difference between these two results can be explained in terms of the public’s capacity for eval-
uating the success of presidential policy in different policy areas. The public encounters the economy
in everyday life, whether in terms of the availability of jobs or the prices of goods and services. Because
of this, they are capable of evaluating a president’s economic policy in real time. When an economic
crisis occurs, the economy becomes a more important issue in the eyes of the public. In turn, that
increase in salience strengthens the contemporaneous relationship between the public’s perception
of the president’s economic policy and the president’s overall approval.This explains the statistical sig-
nificance of the contemporaneous perceptions of the importance of the economy and its interaction
with the contemporaneous evaluation of the president’s economic policy.This theoretical clarification
between the structure of the interaction between approval and salience—and its differences across
issue areas—is only made possible by considering a general model without restrictions.

We close our replication with two observations. First, the variety of effects calculated in Figure 5
suggests a much more diverse set of hypotheses than scholars are accustomed to constructing and
testing. Rather than simply wondering whether there is a conditional relationship between issue
salience and performance, we could test whether this effect is solely in the short-run, whether it
manifests in the long-run, or whether it is stronger or weaker conditional on particular values of or
changes in either predictor. For instance, we can now hypothesize whether performance only matters
when the issue is salient (i.e., the right-hand side of any particular panel). The model tests the general
relationship; we can theorize about much more.

Second, the general model, by definition, introduces considerable multicollinearity, making infer-
ences difficult. Our Monte Carlo evidence demonstrates that, when the DGP is known to be
interactive and contemporaneous-only (“restricted”) or fully interactive across time cross-lagged
periods (“general”), the generalmodel recovers reasonable estimates of the parameters of interest with
statistical confidence. The real world is messier: individual components of the general model might
indicate significance with no clear pattern. We leave for future work whether statistically insignifi-
cant parameters should be omitted from the model, noting tools like adaptive LASSO that could aid
in model selection. One point is clear: scholars should always start with the general model rather
than imposing invisible parameter restrictions by omitting terms.

5. Conclusion: understanding and estimating dynamic interactions
Scholars are increasingly generating theories that posit the effect of an independent variable, x, on a
dependent variable, y, is conditioned on amoderating variable, z. In the effort to “take time seriously”
(De Boef and Keele, 2008), they have built vast datasets and estimated ADLs and ECMs that capture
dynamic political phenomena. However, our understanding of these models has failed to keep pace
with the richness of our theories. A number of recent studies have added interactions to ADLs and
ECMs, but without a theoretical and practical foundation for such modeling extensions. This paper
provides the first steps in both. We have outlined the conditions necessary for OLS to guarantee con-
sistent estimates,22 a method for writing general models with interactions, and a unified approach for
drawing inferences from these models. In the Supplemental Materials, we give precise formulae for
estimating and interpreting our general model and provide code through our replication materials.

22Given the dominance of the ADL/ECM model, we introduce our framework and quantities of interest for continuous
dependent variables. Extensions to other dependent variables less common to time series, like binary dependent variables or
count dependent variables, are left to future work.
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While our advice and evidence are incomplete for scholars who envision testing a conditional rela-
tionship between covariates that itself is time-varying—such a relationship is beyond our scope—our
hope is that this unified framework greatly simplifies the task of practitioners who envision a theory
of conditional dynamic relationships between covariates and want to test it.

To reiterate, the central contribution of this paper is to provide a framework for scholars to extend
dynamic models to include conditional relationships among covariates. We therefore conclude by
offering a set of “best practices” for executing and inferring from these models.

(1) Estimation. Scholars should exercise due caution while following now-typical instructions for
estimating ADL or ECM models. Due diligence with respect to diagnosing properties of their
time series, already a key step in studying dynamic models, is even more important when
complications such as multiplicative interactions are introduced. To this end, scholars should
extend standard pretesting and postestimation procedures to interactions terms.

(2) Specification. Scholars should then study a general model before exploring restricted mod-
els. Theories of how variables interact over time are better tested empirically than imposed
a priori, since invalid parameter restrictions introduce bias and threaten inferences. The
general-to-specific modeling strategy that inspires our general framework might motivate
scholars to drop terms that are not statistically significant. We have no specific admonition
against this practice, but we certainly advocate that users start from the general model.

(3) Interpretation. Whatever specification is chosen for interpretation, scholars should estimate
and interpret appropriate quantities of interest for that model. Relying on off-the-shelf equa-
tions, particularly for the LRM, can lead to incorrect inferences. These well-known formulae
are special cases, appropriate only for particular specifications. Scholars should then report
those quantities that provide the most information about how the dynamic system behaves.
In some cases, this will entail reporting the LRM and mean and median lag lengths. However,
in many cases, other quantities such as finite-period cumulative effects and absolute thresh-
olds will be more informative. The construction of these effects itself implies a theorization.
While we do not advocate for strong theory with respect to model specification—we argue
that a general-to-specific modeling strategy is safer in regard to bias—we do encourage schol-
ars to theorize about the short-run, threshold, and long-run effects of x at different values
of z, as in any conditional relationship (see, for instance, Clark and Golder, 2023). Whatever
estimated effects are discussed, they should be presented with uncertainty statements.

These decisions matter. Our simulations demonstrate that scholars should not unthinkingly add or
invisibly subtract interaction terms to or from their dynamicmodels. Herewe echo the chorus of find-
ings that applied work typically suffers from too little attention to data constraints, diagnostic tests,
and specification decisions.23 Like Grant and Lebo (2016) and Keele et al. (2016), we urge scholars to
rigorously test the properties of their data at each stage of modeling and estimation.

The main text assumes that a scholar is employing multiplicative interactions in an ADL(p,q)
model with data that are differenced until they are stationary. But oftentimes, scholars will exam-
ine nonstationary variables to see if they are cointegrated, and, if so, employ the ECM. In the
Supplemental Materials, we provide proof that the inclusion of a multiplicative interaction term is
not necessarily burdensome on the existence of cointegrating vectors. The Supplemental Materials
also provide formulae for quantities of interest from an ECM, which itself is just a reparameterization
of the ADL (De Boef and Keele, 2008). But our work is a first step rather than a last one. Future work
should further clarify the estimation and interpretation of multiplicative interactions where equation
balance has been achieved through cointegration, or how to implement multiplicative interactions

23For examples and discussion, see the contributions to a special issue of Political Analysis, particularly (Esarey, 2016;
Freeman, 2016; Grant and Lebo, 2016; Helgason, 2016; Keele et al., 2016).
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alongside bounds-testing approaches that do not make assumptions about the stationarity properties
of the data (Webb et al., 2020).

Futurework should also consider richer visualizations of the quantities of interest from thesemod-
els, whether the interactive effect itself is time-varying, and how the framework extends to the panel
case or other forms of y (like limited dependent variables). While these extensions are not covered
here, our hope is still that the framework we introduce will both expand the range of inferences we
are able to make and increase our confidence in them, contributing to a stronger evidential base for
understanding how political forces interact over time.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/psrm.2026.
10087. To obtain replication material for this article, please visit https://doi.org/10.7910/DVN/28X6HU.
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